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CN ■ In this letter we show that in the extra dimension model, contrary to 

' the widely accepted conception, the simply truncated (/>^ and non-Abelian 

; SU(N) Kaluza-Klein theories are not renormalizable, i.e. the tree level re- 

lations of the effective theories can not sustain the quantum corrections. 
The breaking down of the tree level relations of the effective theories can be 
^ . traced back to several factors: the breaking of the higher dimension Lorentz 
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' the underlying Lagrangians, and the dimension reduction and rescaling pro- 



o 



Oh! 
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symmetry and higher dimension gauge symmetry, interactions assumed in 
the und 
cedure. 



Renormalization holds a quite special role in the development of the quantum field 
theory As we know, quantum corrections of the 4D quantum field theory are generally 
'-^ \ infinite, and only in a renormalizable theory is it possible through the standard renormal- 

ization procedure to remove the ultraviolet divergences in the theory by introducing only 
^ ! few finite counter terms and to make loop contributions (quantum corrections) finite and 

meaningful. 

By considering the degrees of superficial divergence of the irreducible vertices of a 
specified quantum field theory defined in D dimension, the criterion of renormalizability 
can be simply formulated as 

" D — 1 D — 2 

n = D-Y.d^- — -i?/ - -^E,, (1) 

i=X 

where Vt is the superficial divergence of any a Feynman integral determined by the theory, 
di is the mass dimension of couplings of the theory, and Ef (Ef,) is the number of external 
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fermions (bosons). This equation tells us that a theory with couplings of positive or van- 
ishing mass dimension is (super-)renormalizable, while a theory with couplings of negative 
mass dimension is non-renormalizable. And the non-renormalizability of a quantum field 
theory in extra dimension becomes a straightforward inference due to the fact that any 
a couplings in the theory (except the (f)^ in 5D and 6D 0) will have a negative mass 
dimension. 

In the non-Abelian gauge theory, we meet another kind of problem of renormaliz- 
ability. The theory is unquestionably renormalizable if only judged from the power law 
given in Eq. (|I]). But it is not sufficient. In the pure Yang-Mills theory for instance, 
there is only one coupling constant in the theory which determines both the trilinear and 
quartic couplings of vector bosons and the ghost-ghost-vector coupling, as required by 
the quantum gauge covariance. A subtle problem arises: whether the tree-level gauge 
structure preserves after taking into account the quantum corrections. In another word, 
whether the counter term determined by, say, the three point Green function, is enough 
to eliminate the ultraviolet divergences of the four point Green function of vector boson 
and the ghost-ghost-vector interaction. As we know, the BRST symmetry and the 
Slavnov- Taylor identities p guarantee the tree level gauge structure of the theory order 
by order, and the pure Yang- Mills gauge theory is renormalizable 0. When more particles 
are added to a non-Abelian gauge theory, if there is no anomaly, we know the theory is 
still renormalizable, even in the case when the gauge symmetry is spontaneously broken. 

The extra dimension theory is a fast developing topic in recent years, and two kinds 
of extra dimensions can be roughly divided: large extra dimensions where gravity is 
considered, and small extra dimensions where the standard model is extended to the 
high dimensions. We concern the later case here, and there are many papers on both 
models and phenomenologies of it @,|^. But, there is an irksome problem about it is that 
theoretical predictions are explicitly cutoff-dependent even in tree level calculations due 
to the sum of infinite Kaluza-Klein (KK) excitations, such a fact can be traced back to 
the intrinsic non-renormalizability of the higher dimension quantum theory. Furthermore, 
the trouble becomes even more serious for the loop processes. 

There are papers to regularize the divergent contribution of KK excitations [110] , and 



it seems only the string regularization can provide a solid solution to the problem [11 



Recently, the renormalizable effective theory of the extra dimension is constructed in 
reference |12|, where the mass generation mechanism of the compactification of extra 
dimension is non-linearly realized in a technicolor way or in the latticed extra dimension. 
The (de) constructing way only provides an effective description of the extra dimension 
theory, but doesn't prove that an extra dimension theory (or a simply truncated theory) 
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is renormalizable. 

To evaluate the contribution of KK excitations, a widely accepted and practical con- 
ception indicated in the literatures is to truncate the infinite KK towers to finite. With 
the belief that the truncated KK theories are always renormalizable, the tree-level rela- 
tions among couplings are always used to make theoretical predictions, both in tree level 
and one-loop level. However in this letter we will show that the tree level relations of 
the effective theory might be broken by the quantum corrections. Considering the char- 
acteristic power running of extra dimension models, a large deviation from the tree level 
relations might be caused, therefore from either the theoretical respect or the numerical 
and practical respect, this conception is quite questionable. Below we will detail this 
problem in two cases: the (j)^ theory and non-Abelian SU(N) gauge theory defined in 5D. 
In order to contrast and compare, we will also examine the QED and (p^ theory in 5D. 

We examine the 0^ theory first. The Lagrangian of the 0"^ theory in 5D is defined as 
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where M = 0, 1, 2, 3, 5. The complex singlet field (p^o and quartic coupling X^d have the 
mass dimensions 3/2 and —1, respectively. This Lagrangian owns a 5D Lorentz space-time 
symmetry and global U(l) inner symmetry with the universal phase defined in 5D. 

And according to the power law given in Eq. (|I|), this theory is non- renormalizable. 
However, it is helpful to understand the Lagrangian given in Eq. (0) in Wilson's renor- 
malization method [Q, which is valid for quantum field theories defined in any dimension 
of spacetime. In this method, the principle of renormalizability is not necessary. The 
price paid for the sacrifice of this restrictive principle is that one has to include all in- 
teractions in the effective Lagrangian permitted by the 5D spacetime Lorentz and 5D 
gauge symmetry, and the number of these operators is infinite. In the 0^ case we consider 
here, besides the minimal interaction term (0^0)^, interactions like (0''"0)^; 0'''n^0, etc. 
should also be added to the Lagrangian given in Eq. (g). According to the effective 
theory |T^, at low energy region the interactions with lower dimensions domain. So the 
Lagrangian given in Eq. can only be understood as being valid below a given ultra- 
violet cutoff AfJ^, where operators with higher dimensions have been greatly suppressed. 
Therefore the Lagrangian given in Eq. (H) should be only valid for \P5d\ < ^uvi other- 
wise the unitarity of the S-matrix will be violated if I-PsdI is much greater than K^y (Here 
\P5d\ = \Jp'mi M = 0,1,2,3,5, the metric of spacetime is taken as that of a Ecludian 
one.). 

The Lagrangian given in Eq. has also an infrared cutoff Af^ in the compactified 
extra dimension theories when A^^ approaches the compactification scale 1 / Rc [Re is the 
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compactification size). The reason for this infrared cutoff is that near the energy region 
1/Rc, it would be not appropriate any longer to regard the fifth dimension as infinite 
large and use the 5D Lorentz symmetry and 5D gauge symmetry to restrict operators 
which might appear in its effective Lagrangian. 

For the small extra dimension scenarios, the extra dimensions are always assumed 
to by compactified and small (say TeV size). In order to match with the low energy 
regions where the observed world is 4D, the standard dimension reduction method and 
the matching procedure are used to derive the effective 4D quantum field theory. For 
example, by assuming that the vacuum manifold has a M4 x / Z2 structure (the 5D 
Lorentz space-time symmetry is broken by the vacuum while the U(l) symmetry should 
also be modified), and by requiring that the Lagrangian is invariant under the orbifold 
transformation — > — X5, we can assign a boundary condition for the (p^D'- (f>5D{x, X5) = 
—4>5d{x, — Xs). Then (p^jj field can be Fourier-expanded as 

05o(x, X5) = cos (3) 

Substituting the Eq. (0) into the Lagrangian given in the Eq. (^ and integrating out 
the fifth component of the space-time, we get the following reduced effective 4D theory 
(RE4DT) 

^kin + Lint (4) 



^-U-d'^d,- — -m'\r (5) 



k,l,m=l 
oo 

+ E [4/VV"V" + 2i?e 

n=l 

oo I 

+ E i?2(A;,/,m,n)0'=VW"[ (6) 

k,l,m,n=l J 

where Ri,i = 1, 2 are normalization factors and can be understood as the requirement 
of the momentum conservation of the fifth dimension. Here we omit the subscript 4D for 
all quantities. To get the RE4DT, the following rescaling relations has been used 

0°^ ^ ^/2^c(|>lD: ^ T^Cd, A4D - (7) 

The theory owns a 4D space-time symmetry and the reduced global U(l) symmetry. The 
RE4DT is invariant under the following transformation 
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^ ea;p(m)(/>" . (8) 

It is remarkable that there is an infinite KK towers in the theory, and the zero modes 
have a different normahzation factor than the other KK excitations. Another remarkable 
fact is that the infinite interactions among KK modes are controlled by only one parameter 
A. 

Now the effects of high dimension are effectively reflected by the infinite KK towers 
appeared in the RE4DT given in the Eq. (^. There are no coupling which has negative 
mass dimension in the theory, and from the power law, it seems that the theory should be 
renormalizable and the dimension reduction procedure makes a higher dimension theory 
to a renormalizable one. But, due to the inflnite KK excitations, even if the contribution 
to a process of each KK excitation is flnite, the total result might still be infinite. In this 
sense, the RE4DT is still non- renormalizable. 

To effectively describe the 5D theory given in Eq. (^, we must match its RE4DT with 
the underlying 5D theory at a given scale A', which should be in the range Af^ < A < A^^. 
Therefore, the infinite KK excitations are truncated by requiring N'/Rc ~ A' {N'/Rc is 
the heaviest KK excitation included in the RE4DT Lj^) and only finite KK excitations 
are kept in the RE4DT Lj^. Then finite results could be obtained even for loop processes. 
It is in this sense the truncated KK theory is renormalizable. 

But is that all? Since the couplings among KK modes are controlled by only one 
parameter A4D, then it is naturally to ask: whether is it enough to introduce just only 
one counter term to eliminate all ultraviolet divergences in the effective theory? Or in 
other words, can the tree level structure sustain the quantum corrections? The problem 
is quite similar to the case for the non-Abelian gauge theory in 4D. 

In the underlying 5D theory, the answer to this problem is affirmative. To demonstrate 
the reason, let's consider to match the RE4DT with the underlying 5D theory at another 
scale A", and for the sake of convenience, we assume that Af^ < A" < A' < Afjy. So 
after invoking the matching procedure at A", we will get the Lj^ with A^" KK excitations 
(A^" is determined by N" / Rc ^ A")- There are two differences between the L^^^ and Lj^: 
1) the numbers of KK excitations are different, the Lj^, can be obtained by successively 
integrating out N'~N" KK excitations; 2) the values of couplings A5d(A") and X^d^A') are 
different, but are related with each other by the renormalization group equation (RGE) 
of A5Z). However, there is a common between these two RE4DTs: the tree-level relations 
among KK excitations seem to be hold. Since the RGE is valid in loop level, then it might 
tantalize one to expect that these tree-level relations would also hold in the RE4DTs in 
loop-level. However, we will show that it's not the case! 

To simplify consideration, we truncate the infinite KK excitations and keep only the 0— 
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and 1— modes in the RE4DT. In order to find the consistent solution to the requirement 
of renormalizabihty, we rewrite the interaction part of the Lagrangian in a more general 
form 

- Um = ^(/t0O)2 + ^(<^it<^i)2 + ^ [4(/t^0)(^it^i) + 2i?e(/t<^V0t^i)] _ (g) 
The RE4DT is only a special case of the interaction and gives 

RX = RXqo = RXqi = All, (10) 

where R = 3/2. Now we determine the counter terms of the theory. The counter terms, 
SXqo, SXqi, and 5Aii of Aqo, Aqi, and An, can be directly constructed from the one loop 
diagrams. In the dimension regularization and MS renormalization scheme, the 5Aoo, 
6Xoi, and 6Xii are simply determined as 

SXoo = l^KiXl, + Xl,) (11) 
6Xoi = ^nA, (AoiAoo + AoiAii + 4X1^) (12) 
5Aii = l^A^iXl, + Xl,) (13) 

where k = l/(167r^), = 2/e — + logAn, and e = 4 — D. With these counter terms, 
the consistent solution can be easily found. If the RE4DT is renormalizable, we hope that 
the following relation should hold 

5Aoo = 5Aoi = 5Aii, (14) 

then the consistent solution for this equation requires 

-^00 = -^01 = '^ii (15) 



But the tree level relation given in the Eq. ([l^) obviously isn't satisfying Eq. ([TSD. 
Therefore it is impossible to just introduce one counter term 6X to make the quantum 
corrections of the theory finite, and the tree level relation Eq. ( p!OD breaks down. And 
it is in this sense that the RE4DT is still non-renormalizable. For the truncated theory 
with more than one KK excitations, we have the same conclusion. 

It is remarkable that from the Eq. (|13D we know the tree level relation Aqo = Aqi will 
also be broken down due to the contribution from An, so it is questionable to use the 
relation at low energy regions when evaluating the contributions of KK excitations to the 
effective potential of 0°. 
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Of course, if we forget the dimension reduction and adjust the normahzation factor 
R to be just one, then it is enough to just introduce one counter term 6X to make the 
quantum corrections of the theory finite, at least up to one-loop. Obviously, the proce- 
dure of normalizing and rescaling in the standard dimension reduction, which makes zero 
modes different from other KK excitations and produces the normalization factor is 
blamed for the non-renormalizability of the theory. So we conclude here that the non- 
renormalizability of the high dimension 0^ theory leaves its trace not only in appearing 
the infinite KK excitations but in breaking down the tree level relations among couplings 
with quantum corrections. We also see here that the reduced U(l) symmetry of the theory 
has no much help on the problem in hand. 

Equipped with this experience, it is naturally to ask whether the tree level relations of 
the truncated SU(N) gauge theory can sustain the quantum corrections. Now we consider 
the case of non-Abelian SU(N) gauge theory. The Lagrangian in 5D is given as 

= --PMNi' -77?^ [Am)+C C, (16) 

4 z4 oa 

where Fmn = Qm^n — Qn^m + /^A/^Af, and / is the structure constant of the Lie 
algebra. And F{Am) is the gauge fixing term and can be assumed 0] to have the form 

F{Am) = duA^' (17) 

The theory owns the Lorentz symmetry of 5D space-time and BRST symmetry in 5D. 
But the theory is non-renormalizable even only judge from the naive power law, since 
the gauge coupling owns a negative mass dimension. So formally, even though the theory 
owns a gauge symmetry (BRST symmetry in 5D), it is still non-renormalizable. 

Similar to the argument in the 0^ theory in 5D, the Lagrangian given in Eq. ([T6| ) 
can only be understood as being valid below the ultraviolet cutoff A^^, otherwise effects 
of other higher dimension operators will be important or the unitarity condition of the 
S-matrix will be violated. 

The vacuum manifold is assumed to have the structure M4 x /Z2 and the Lorentz 
symmetry of 5D is spontaneously broken. Considering the fact that the 5D space-time 
symmetry is broken to 4D space-time symmetry, and the 5D gauge symmetry is broken 
to 4D gauge symmetry, below we will choose the gauge fixing term 

F{Am) = d,A^^ - id^A\ (18) 

The advantage to choose this gauge fixing term than the one given in Eq. (|T^ is that 
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physical observables are gauge parameter independent [|. 

By assigning a boundary condition for the vector gauge field 

A^{x, X5) = Af,{x, -X5), (19) 

and decomposing quantum fields in 5D with A^{x) = A^{x)cos^, we get the RE4DT 
in the below form: 

LlfJ = + L^^, L^^ = Li^ + Lf^f, (20) 

T ED _ T ED I T ED tED _ t ED . t ED trf-i \ 

°° 1 / r?2 1 \ 

+ E i^^l [g^'d'd, + g'""^, - d^d^i - -) j Ai 

+ E [-5^5. - i^J + e [-d^d, - j c", (22) 



-l 00 



n=l 

00 



n=l ^ Rc / n=l 

Where represents terms of pure zero modes, L^Q^q^a represents the quartic coupling 
between the zero and KK modes, and Lf^^ represents couplings among KK excitations. 
Here we omit those interactions among KK excitations. The Lagrangian owns a 4D 
Lorentz space-time symmetry and the reduced BRST symmetry. There is a conservation 
law of the fifth momentum, which can be viewed as the result from the compactification 
of the fifth dimension space. Again, it is remarkable that there is a infinite KK towers in 
the theory, and the zero modes have a different normalization factor than the other KK 
excitations. And the infinite interactions among KK modes are controlled by only one 
parameter g, the gauge coupling constant. 

The matching procedure will truncate the infinite KK excitations to finite. And the 
tree level relations among couplings of KK modes are expected to hold if one judges from 
the underlying theory with the 5D Lorentz spacetime symmetry and 5D gauge symmetry. 



^The reference |14| also used this gauge fixing term. 
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In order to examine the renormalizability of the truncated theory, as done in the 0^ 
case, we truncate the infinite KK towers and keep only the 0— and 1— modes in the 
Lagrangian. And the Lagrangian has the following form 



■'kin 



+ Lint-, Lint — Ltri + -^gua, (24) 



(25) 



Ltri = gr'' [-\{d,K'' - d,Af)A''^A^'^^ - \{d,Al- - d,Af)A''^A^'^^ 

--{d^Al^ - d^Af){A^^^'A^^^ + A^^^'A^"^) + 9'^c°Mj''c°" + ^^c^Mj^-c^^ 
+a''c°"Aj^c^^ + d^c^^A^^c^" + ^A^'^'A^^Al'^ + ^c^^Afc^" + a^^^Mj^'A^'^ I , (26) 



g2 jabe jcde / \ j^a j^b j^c^i j^dv \j^a j^b j^cfj, j^dv 

2 ^ ^ 2^^ ^ 

_|_f^^la^la^lc;i^dl _ j^la j^lb j^cjj, j^dv I ^27) 

2 4 J 

where /?i = 1/2 and i?2 = 3/2. 

This simplified RE4DT has five particles, where massless zero modes include A° and 
c° and the massive first KK excitation includes A^, and A^. There are nine trilinear and 
five quartic couplings, all are controlled just by one coupling constant g. Generally, in the 
framework of effective theory, we have only 4D spacetime Lorentz symmetry and 4D SU(N) 
gauge symmetry of zero mode to restrict permitted operators in the Lagrangian, and each 
of these couplings might be treated as a free parameter, as we do in the 0^ case. Besides, 
there might be some extra interactions like A\A\A^A\, which is still renormalizable in 4D 
and is expected to play an important role in low energy region. However, for the sake of 
simplicity, we use these tree level relations to calculate and check whether these relations 
are consistent with the requirement of renormalizability. 
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In order to simplify the discussion, we omit the renormahzation of mass and gauge 
terms, and only consider the counter term of the relevant vertices given below 

+5Zo^i,Al-A''^A'-;Al^ + 5Z^,^,A'-;A'^A'-;aI^. (28) 

If the theory were renormalizable (the tree level relations held), these counter terms 
should have their structures as given below 

(^'^000(011) = Cooo(oii) (29) 

<^-^(oooo), (0011,1111) — Coooo,(ooii,iiii) ^) (30) 
where Cj should be number, and V3 and V4 have the below forms 

= gr'" [g^^ip - qY + g'^'iq - kf + g'\k - pf] , (31) 

= -ig' [g^'g'-'Ka + g'^g'^^t + g'''g"'^'S\ ■ m 

where TJ^ = y^^e j6o!e _|_ j^adej^bce^ ^^^^ ^ab unchanged (symmetric) when the indices a(c) 
and b{d), and (ab) and (cd) interchange with each other. 

And if the tree level relations among vertices were preserved after considering the 
quantum corrections, relations given below should also hold 

Zj^^i 

^000 ~ ^AO^OOOO, Zqu — — — Zqqq, (33) 

Zao 

^ Za^ ^ ^ Z'ii 



^0011 — -7^ — -^0000, -Z^iiii — -;^f--R2-^oooo, (34) 

^AO ^ AO 

where Zao and Z^i are the renormahzation constants of wave- functions, ^000 > -^011 ; -^0000 ; 
Zooii, and Zxux are the renormahzation constants of the corresponding vertices. 

However, if those counter terms do not own the expected structures or the above ex- 
pected relations do not hold, we can necessarily conclude that the theory is not consistent 
with the requirement of rcnormalizability, i.e. the theory is non- renormalizable. 

Before starting to extract those counter terms of vertices, we write down (Here we 
use the Feynman and 't Hooft gauge and work in the dimension regularization and MS 
renormahzation scheme) the wavefunction renormahzation of ^ A^ and A^. 

10 Nq 

Zao^1 + (Nvb >< y - ^^^^ 
19 

Zai ^1 + — Cdiv, (36) 
ZA,^l + ^Cai,. (37) 
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where Cdiv — n^eC2{G) . The Nvb is to count the number of adjoint representation of 
vector bosons and their ghosts, Ns is to count the number of adjoint representation of the 
scalar, and in our case NyB = 2, Ns = 1. C2{G) is the Casimir operator of the adjoint 
representation of gauge group G. It is remarkable that the above result gives Z^i = Zj^o. 

Now we start to construct the relevant counter terms up to one-loop level through the 
corresponding five processes, A' ^ A'A', A^ ^ A'A\ AM" ^ A" A'^A^ A'A\ 
and A^A^ A^A^, respectively. The relevant topologies of Feynman diagrams are given 
in Fig. 1. and Fig. 2, respectively. 

The counter terms of the relevant trilinear couplings are given below: 



4 Ns 

SZqoo = {Nvb x —) Cdiv 



(38) 
(39) 



p is the incoming momentum of Then the renormalization constant of the trilinear 
coupling of zero modes can be given as 



4 Ns 

Zqoo = 1 + {Nvb x ^ ■^)Cdiv, 



The counter terms of the relevant quartic couplings are given below: 

^-^0000 
(^■^0011 



2 N 

-{Nvb X 3 + ^) Cdiv V^, 



SZu^^ — 



— 2 Cdiv Vi + {R2 — l)2oi, 
-t Cdiv V4 + RjSn + {R2 - l)Tn + {Rl - l)C/ii. 



(40) 

(41) 
(42) 
(43) 



where Tqi, Sh, Th and Uu are given as 



4 

Sn = Kg' A, ^g^^gP'^ 



^ jabe jcde _j_ 2 yflc/i jlidi ^''''^J 
^ jahe jcde _j_ 2 yeaff jghh jhci y'<^^j j. 



^g'^'g 



Kg'^A, 



j:fcC2{G) + s^c 
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2 

{g'^g 



-KdC2{G) + sr. 



pa 



23S^^C2(G) + 305,",^ + g'-^g''^ [23S-C2(G) + 305,",^] 



+g^^-g'''^ [23Ef^C2{G) + 30S^^] } , 



(44) 



(45) 



(46) 
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7. 



ab 



+g^g 



11(7 up 



(47) 



where S^j^ 



jeaf jfcgpbhjhde ^ jeaf j fdg pbh jhce _ jg ^^ie Contribution of scalar Al in 
two-point one loop, Tn is from the three-point one-loop with one A^A^A^A^ vertex, and 
Uii is from the diagrams with two A^A^A^A^ vertices. And the convention of indices are 
given as A^" and Ajf Aj? AfA^i^^ Substituting Ri into the sum of RlSu + 

(i?2 - l)Tn + {Rl - l)Uii we get 



1 Q 1 ■ 



-^E^,^C2(G) + -5q|. (48) 



So neither SZim, nor SZoqh, nor 5Zoii have the expected structure. 
The quartic coupling of the zero modes can be formulated as 



2 A'' 
^0000 = 1 - {NvB X 3 + 



a 



div-i 



(49) 



The rcnormalizability of the zero modes part can be easily checked, since the relation 
Zj^oZqqqq indeed hold. The non-renormalizability of the KK excitations is obvious 



^000 



from the results given above. The difference of Zqqq and Zqu can be explained by two facts: 
the first one is that there is no interaction term of the form d^A^Aj^Ar,, since this term is 
forbidden by the requirement of the conservation of the fifth momentum and is eliminated 
in the procedure of integrating out the fifth space. There is indeed one diagram in which 
A^ contributes superficially divergently, but it is finite. So the scalar contributes to the 
A° — > A^A^ convergently. The second one is related with the normalization factor of the 
quartic interaction A^A^A'-A^, which provides the terms related with the normalization 
factors Ri- The differences between SZqoqq and 5^ooii(iiii); can also be explained by these 
two facts. 

So, we see here that more than one counter terms are necessarily needed in order to 
eliminate all ultraviolet divergences for the processes we consider. In other words, the tree 
level relations among couplings given by simply truncating the infinite KK tower are not 
consistent with the requirement of a renormalizable theory. And it is in this sense that the 
simply truncated theory is non-renormalizable. As explained above, in the non-Abelian 
SU(N) gauge theory case, it is the Ri and the forbidden trihnear couphng d^A5Aj^A5 
that conspire to make the truncated theory non-renormalizable. Therefore, in order to 
eliminate all divergences in the theory, the more generic effective Lagrangian with one KK 
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excitation which respects the 4D Lorentz spacetime symmetry, the 4D zero mode gauge 
symmetry and the fifth momentum conservation law should have the following form 

-X^iTrlA^A-^jTrlA^A,] - X^2Tr[A^A^]Tr[A''A,] 

-Tr[D^AlD,Al] - M'^Tr[AlAl] - X,,Tr[A'^A,Al] 

~X^sTr[A>^A^]Tr[AlAl] - X^^Tr[A^Al]Tr[A,Al] - X,,Tr[AlAlAlAl] 

+ ■■■ , (50) 

where F''^ = D^'A'' - D''A^', D^' = - igiAi", A = J2a ^"T", T" are the generators of 
the gauge group, the Tr means to sum over the generators of the gauge group, and the 
omitted terms are related with gauge fixing and ghost terms. The effective Lagrangian is 
invariant under the following transformation 

A^A' = UAU-^ - -(dU)U-^ 

9 

A^A' = UAU~^ 

Al Al' = UAlU-' . (51) 

After matching this generic effective Lagrangian with the truncated RE4DT at the match- 
ing scale A, the ultraviolet boundary condition of couplings Aj in Eq. (|50D is fixed. Below 
the matching scale A, these couplings will develop in terms of their RGEs, respectively. 

Compared the extra dimension model with the renormalizable SU(5) unification model 
in 4D, there is a similarity between these two theories: the breaking of the tree level 
relations. In the SU(5) unification model, the SM is the effective theory of SU(5) GUT 
theory for energy scale below the GUT scale Aqut- At the Aqut, there are tree-level 
relations among the couplings of gauge groups SU{3) x SU{2) x U{1). Below the Aqut, 
due to the decoupling of Higgs multiplets and the SU(5) gauge symmetry breaking, the 
gauge couplings develop respectively and the tree level relations of them are broken by 
the quantum corrections. 

There is a difference between these two theories: there are extra operators in the extra 
dimension model generated by quantum corrections. Compared with the renormalizable 
SU(5) where all renormalizable terms of the subgroup SU{3) x SU{2) x f/(l) have been 
contained in the Lagrangian of SU(5) theory, the extra dimension SU(N) theory is un- 
lucky in this respect. Since the extra interaction terms, like Tr[745yl5y45y45], although not 
permitted by the 5D Lorentz and 5D SU(N) gauge symmetry, have to be introduced in 
order to remove divergences from the theory. 
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In order to pinpoint the reasons for the breaking down of tree level relations and 
the appearance of extra operators, we consider the dimension reduction and rescaling 
procedure of the renormalizable 0^ theory defined in 4D. Assuming that the 2;— direction 
is compactified, by using the dimension reduction and matching procedure, we will get 
its RE3DT defined at a scale AfJ^. Since the RE3DT is a super-renormalizable theory, 
vertex corrections are finite and there is no need to introduce any a counterterm for the 
couplings of the KK modes. However, after considering the quantum corrections, the 
finite loop contributions still break the tree-level relations among couplings of KK modes, 
the direct reason is still the different normalization factor between zero mode and KK 
excitations. 

Since in the simply truncated effective 0"^ and SU(N) effective theories, either in 4D or 
in 3D, the tree level relations among couplings can not hold in the quantum corrections, 
although they are supposed to hold in their underlying theories. The fundamental reason 
for the breaking down of tree level relations seems to be related with the higher dimension 
Lorentz symmetry and higher dimension gauge symmetry breaking, and the dimension 
reduction and rescaling procedure itself. 

We examined the truncated QED theory, where only the vector boson is assumed to 
propagate in the bulk. The Lagrangian of the theory in 5D has the form 

L = -^F^^Fmat + ^(^7''^/. - m)^5(x5) (52) 

where Fmn — du^N — OnAm, M — 0,1, 2, 3,5, 11 — 0, 1, 2, 3, t/j is defined in the 3-brane 
and Dfj^ip — d/^ip — igAf^ip. This theory is non-renormalizable in 5D due to the fact that 
the gauge coupling constant g has a negative mass dimension. We find that up to one- 
loop level, the tree level coupling structure is unchanged by the quantum corrections. 
The reason seems to be simple: the bilinear interaction vertices and normalization factors 
of the theories do not undermine the tree level relations among couplings in these two 
cases, not as in the 0^ and non-Abelian SU(N) gauge theories where the normalization 
factors of quartic couplings or forbidden terms break down the tree level relations. We 
also examined the real scalar 0^ theory in 5D, and this theory is super-renormalizable 
according to the power law. The Lagrangian is given by 

L = l{dM<P,D){d^<p5D) - lm\<P,nr - ^{M'- (53) 

And again we find that up to one-loop level, the coupling structure of its truncated theory 
is unchanged by the quantum corrections. 

In summary, up to one loop level, by truncating KK excitations to only one, we 
examined the renormalization of the truncated KK theories of 0^ theory, the non-Abelian 
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gauge SU(N) theory, QED theory, and 0^ theory defined in 5D, and found that the 
normahzation factors of four KK excitations, or the forbidden missing terms, or both 
undermine the tree-level structure of the simply truncated theories in quantum corrections. 
We conclude that the breaking of the higher dimension Lorentz symmetry and higher 
dimension gauge symmetry, interactions assumed in the underlying Lagrangians, and the 
dimension reduction and rescaling procedure play their roles in breaking down of the tree 
level relations. 
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